In connexion with the experimental work reported in parts I and II of this series, the behaviour of models of the intermediate state put forward by Landau (1943) , has been developed. Landau described a laminar model of the intermediate state, mentioning th at when the magnetic induction B is small, a structure consisting of threads of normal metal would probably be more favourable thermodynamically than th at of laminae. Such a model was not actually described in the paper, and since the results for both models will be required, a thread structure is first of all discussed here. The magnetic behaviour of both models is then developed, and used to construct a possible explanation for the observed behaviour of cylindrical super conductors in a transverse magnetic field.
. T h r e a d m o d e l
Consider a plate of thickness L in the intermediate state, situated in a magnetic field h notmal to its surfaces, figure 1. In the centre of the plate the magnetic induc tion is carried by identical cylindrical threads of normal metal parallel to the applied field, and embedded in superconducting metal, the induction in each being Hc. The threads are taken as circular in cross-section, and arranged in square array such th at if produced to meet the surfaces, they would intersect as the large circles 1, figure 2. As in the laminar model, to overcome difficulties of stable entry of the induction into the metal, without infinite fields a t corners, the threads are supposed to divide successively each time into four equal threads, two in one plane containing h, and two in a perpendicular plane containing h. A typical branching process is shown in figure 3 . If after the first branching process the threads were produced to meet the surface, an array of circles 2, figure 2, would be obtained, conditions being adjusted so that this array is a similar square one, but with half spacing. Aftey a second branching, the circles 3 are obtained, and so on, the array being reproduced half-size after each subdivision. A section through the plate in a plane containing the axis of one of the principal threads and a diagonal of figure 2, gives figure 1. After many subdivisions a ' mixed phase ' is reached at the surface, having an almost uniform density of magnetic induction. The detailed calculations, which are exactly parallel to those of Landau for the laminar case, are outlined in the appendix. They are accomplished in the following five steps:
(i) The diameters an of the threads after n -1 branching processes are related by the condition of constant flux through a tube of induction.
(ii) Minimization of free energy for a single branching process, yielding a relation between the diameter an of the thread, the semi-angle of branching dn and the H 2 surface energy between the two phases a = -A per unit area. The quantity A thus defined has the dimensions of a length.
(iii) The reproduction of the arrays of figure 2 half-size a t each sub-division imposes a relation on the distances xn of the branching processes from the surface.
(iv) The mean value of B for the metal as a whole determines the spacing of the main threads relative to their diameter (v) Finally the total free energy of the system is minimized with respect to the remaining variable ax. The results of these steps are given in table 1, together with those of the laminar model for comparison. The following points are noted:
(a) The free energy / before the minimization of step (v), is a slowly varying func tion of ax (7), with a shallow minimum such th at a factor of two in ax merely increases the free energy by 10 % of the second (small) term of (8). This is relevant when later we consider how exactly the intermediate state is likely to conform to the structure of minimum free energy.
(6; The effect of penetration into the superconducting phase has been neglected. i r those superconducting regions which are much thicker than the penetration depth A, the effect is to reduce the radius p f each normal thread, and the half thickness of each normal lamina, by A. A corresponding decrease in free energy HI A per unit interphase surface area is produced, so th at wherever A has been used in these calculations it should be replaced by A' = A -A, a result given by Ginsburg (1945) . This simple correction cannot, however, apply close to the surface where the superconducting regions have subdivided to a thickness of the order of A, and where the mixed state may be considered to begin. Using the relations of table 1, it may be shown, however, th at the depth of the mixed state thus defined, is of the order of A*/A* for both models. Since A ~ A ~ 10~5 cm., the depth of the mixed phase is small enough to justify the use of Ginsburg s correction for all cases in which these models Table 1 thread m odel n ~ 2"-1 are applicable. Consideration of the stability of superconductors in the normal state for fields greater than Hc leads to the conclusion (London 1935), th at A > A, so th at A' = A -A is a positive quantity. This simple correction assumes th at the penetration depth is a function of temperature only. If, however, A is also a function of magnetic field as Ginsburg suggests may be the case, the formulation of the problem would be considerably modified.
(c) The assumption of B -Hc in the normal regions of the in has been made, but strictly we should put B = ally. This would make the mathematics much more complicated, but because H = Hc + d<fi/dB, where dfyfdB is a first order correcting term, in general small com pared with Hc, the modification to the theory is of the second order, and its omission does not cause serious error.
3. T h e po in t of entry into th e in ter m ed ia te state Landau (1943) has shown th at the free energy of an infinite cylinder of circular cross-section in the superconducting state situated in a transverse magnetic field h, including the field energy, is equal to that for the cylinder in the intermediate state for a value of B = Bt given by:
The corresponding value of applied field h = ht being given by:
When (j> and d<f>/dB are substituted in (12) from table 1, equations in B t are obtained, which in conjunction with (13) yield a solution for p = ht/He in series form, as shown in the appendix, the important terms being: Thread model:
Laminar model:
The question now arises: what is the value of L? The thickness of the cylinder increases from zero at the edges to 2 r,the diameter, in t value of h a t which the total free energies are equal, then the appropriate mean value of L must be taken. If on the other hand we require the value of h for which the free energies appertaining to any part of the cylinder first become equal, then the diametrical value L = 2r must be taken. The significance of this discussed later, but for the present putting = 2r in (14) we find:
Equation (16) is of the same form as th a t given by Landau (1943) , (disregarding the final term which in practice is small). However, in (16) the coefficient of (A'/»•)* is about five times larger in Landau's equation. A corresponding calculation for a sphere gives pT = § + 2-32(A'/r)*, and here again the coefficient is about five larger than th a t given by Landau. Since Landau does not give a detailed calculation it will be assumed that our coefficient is correct and th at Landau has made a numerical error. An alternative possibility is that entirely different models have been used. In this connexion it should be stated that two other thread models have been studied, one similar to this, but having threads of square cross-section, and the other having threads of circular cross-section but branching into three instead of into four at each junction, triangular arrays being reproduced 1/^/3 smaller at each sub division, just as in figure 2 square arrays are reproduced half-size. These two models gave free energy values very little different from those of the model described here and yield relations for pT of the form of equation (16), the coefficients of (A'/r)* being 2-20 and 2-12 respectively.
pT and pL are plotted as a function of L/A' in figure 4, and it will be seen th at Pl > P t f°r L > 300A'. In view of the approximations made it is clear th at these calculations can only be reliable for A'. However, as will be seen later these structures will probably only be encountered for values of which yield 1/^/2. From equations (14) and (15) it follows that for p< 1/^/2, is less than about 10~2, and the corresponding angles d1 are thus less than about 25°, and small enough for the calculations to be a reasonable approximation.
Magnetic behaviour
Commencing with the three general relations:
where the demagnetizing coefficient ni s | in this c behaviour of the cylinder may be described. The B-h relation for the intermediate state takes the form B = 2h -Hc -d^jdB, so that for the thread
and for the laminar model:
where
Now the free energy of a magnetized ellipsoid, together with the field energy, reckoned per unit volume of the ellipsoid, F, is given by (Landau 1943 figure 5 , 8nF/H% is plotted for the normal and superconducting states, and for the intermediate states with A '/L -1*5 x 10~3 (both models). The free energy curves for the thread and laminar models are not very different, and in the limit of A'/L -> 0, all models must have the same free energy: This is also shown in figure 5 , and it will be noticed th a t the curve touches that of the superconducting state a t A , where h = \H C, and th at of the normal state a t B, where h -Hc. For any non-zero value of A however, the intermediate state curves intersect th at of the superconducting state a t C and D with finite angles. If phase transitions take place a t C and D, which correspond to h[Hc = and pL respectively, the finite angles of intersection imply an accompanying discontinuous change of magnetization. For A '/L = 0, however, transition be accompanied by a change of magnetization, since the angles of intersection are in this case zero. Transitions from one state to another do not necessarily take place when the second state becomes more favourable thermodynamically, but only if a mechanism is available for the process in the course of which the free energy does not increase. Failing such a mechanism, the first state continues in a metastable condition, as instanced by the supercooling of a liquid. If, however, possible mechanisms of transition do exist whenever free energy curves meet, then the B-h and I-h curves for the transverse cylinder follow directly from equations (17), (18) and (19), the transitions points being obtained from figure 5. The complete curves are shown in figure 6 where only the laminar form of intermediate state is illustrated for sim plicity. Also the additional facts that B -0 and = -state, and th at B = h and I = 0 in the normal state are used. intersection E, figure 5, occurs for h appreciably less than the transition into the normal state should take place here despite the applied field being less than the critical field. However, the possibility of another form of intermediate state taking over in the interval E B is not excluded. The transitions at C and E would not be quite discontinuous as shown in figure 6 since L varies from 0 to but would nevertheless be fairly sharp since half the volume is contained within the region defined by L/2r > 0-92. C A / :. ry In figure 6 the B-h and I-h curves are continued beyona the transition points as dotted lines, and are seen to show turning points, with I apparently becoming positive. These curious features are associated with the approximation, previously mentioned, of taking H as Hc in the normal regions, since the difference term dcpjdB becomes large as B tends to the limiting values 0 and Hc, as indicated by (11) HJa J2t hen a transition directly should occur. In fact at this value of h, the points C, E, G become coincident in figure 5 and the vertical portions CC, E E in figure 6 coalesce. The limiting value of p = 1/^/2 corresponds to A '/L = 10~2, the value which has already been used as the lower limit of the size L for which the models must cater.
The intermediate state of superconductors. I l l
Let us now consider how far these postulated mechanisms are likely to be realized in practice. It is curious th at although p is least in the diametrical plane containing the applied field, so that penetration of induction has been assumed to occur there first, in actual fact the external field is zero in this plane, and is greatest at the sides of the cylinder.
Thus physically we should first expect penetration to occur at the edges, and the experiments of de Haas & Casimir-Jonker (1933) suggest th at this might be the case.
A possible mechanism, therefore, is one of penetration a t the side (see figure 7 where a schematic picture is given), forming localized normal regions, which as they grow inwards produce regions of low field, causing the reappearance of the super conducting phase a t 1, 2 and then 3 in the normal region, the whole branching laminar structure being pushed in sideways. The laminae are not to be considered as necessarily running the whole length of the wire, but it is likely th a t there will be pockets of growth on alternate sides along the wire. Slight stable penetration at the edges in the manner of (a) figure 7, may take place as soon as \H C , and this
The intermediate state of superconductors. I l l would account for the slight deviation from perfect diamagnetism in the interval K M (part II, figure 4 ). Only when it is the stable state, however, will the whole laminar system form, and then fairly suddenly (MN, II, figure 4 ). This point will occur a t a value of p corresponding to equality of total free energies. Since (j) and dcj>\dB are proportional to Zr*, the appropriate value of L to be used in (14) and (15) is [Z-*]? = l-60r.
Relations (14) and (15) 
At the transition from the superconducting state the I-h relation will still have the same general form of figure 6, as illustrated in figure 8, with some rounding at the top due to the initial penetration just mentioned. The resistance tail Im in II, figure 4, would correspond to small local pockets of intermediate state.
Turning to the other end of the curves for the intermediate state, E, figure 5 suggests th at the normal state becomes the stable state, but one cannot expect the superconducting regions to be suddenly ejected here. I t is more likely th at they will continue to shrink in a metastable condition. The transition into the normal state will therefore 'be somewhat as indicated in figure 8 , and we note th at if the laminar structure, or something very like it, persists until 7 = 0, then this transition occurs a t a value of applied field less than Hc, the discrepancy increasing as the cylinder radius r decreases.
It is more difficult to predict the variation of resistance with applied field in the intermediate state, as the geometrical disposition of the normal and superconducting phases has also to be taken into account. If the mean induction B has the value yHc then the fraction of normal resistance may have any value between 0 and y. In particular, for a structure of the threads of normal metal embedded in super conducting metal there should be no resistance. However, it is reasonable to expect th at if resistance is found, there should be a correlation of the main features of the B-h and resistance-field curves. If now we construct the triangle OAB, figure 8 , from the I-h curve of the super conducting state and any tangent to th at of the intermediate state, then the ratio <r = ODjOB = |(1 +e). Moreover, if we take the tangent at y = BjHc-£, we find th a t e, which is a slowly varying function of y, has the same value for both models giving a-= £ + 2*2(~^r) .
In applying this relation to experimental curves, one must be careful th a t A B does in fact represent dl/dh for the intermediate state, and is not affected by the transition range from the superconducting state a t the upper end, nor by the tails of the transition into the normal state at the lower end.
We now turn to transitions in a decreasing magnetic field. As indicated by E, figure 5 , the intermediate state does not become thermodynamically favourable until well below Hc. The cylinder is initially entirely in the normal state, with 1 = 0, and B and h uniform through space. Hence in contrast with the transition from the superconducting state in an increasing field, no portion of the body is more likely than another to be a centre of change, the edges, which played this role in an in creasing field, being in no different condition from the remainder. I t is likely th at the formation of the intermediate state in an increasing field is brought about by a growth of the natural penetration of induction into the surface of a superconductor. There is no counterpart to this in the normal state, and therefore in a decreasing field 'supercooling' effects are to be expected, for just as with the condensation of liquid drops from a supercooled vapour, nuclei of formation are required. Once the transition has begun it proceeds discontinuously, provided th at the material is homogeneous. Since B E , figure 5, increases with decrease of cylinder radius, and since smaller cylinders would probably contain less centres of formation of the superconducting phase, the total delay in formation of the intermediate state may be expected to be greater for thinner wires. Ju st as in an increasing field no sudden expulsion of the superconducting regions was expected, so here in a decreasing field no sudden expulsion of normal regions is expected for h -pHc, the intermediate state continuing until the normal laminae or threads have shrunk to nothing. This will occur for a value of h slightly greater than \H C.
D i s c u s s i o n
On the basis of these models the following main features of the magnetization curves find qualitative explanation:
(а) The delay of formation of the intermediate state in an increasing field until h = pHc, the ratio p having the value \ for a cylinder of infinite diameter, but increasing as the diameter increases.
(б) Slight departure from linearity just before this transition point.
(c) Rapid drop of magnetization at this transition point, giving the characteristic 'horn'.
(d) In the intermediate state an almost linear I-h relation whose slope dl/dh is greater than the value 1/27T for an infinite cylinder diameter, by an amount increasing with decrease in diameter.
(e) The normal state is reached for h < Hc, the difference increasing with decrease in diameter.
(/) In a decreasing field, a supercooling which increases with decrease in diameter.
(g) In the intermediate state a retracing of the increasing field curve as far as the horn, and continuing almost linearly beyond it, until the curve for the super conducting state is reached.
The combined resistance and magnetization experiment, whose results are illustrated in I, figure 3 and II, figure 4, showed the expected correlation of the main features of both curves. The fractional resistance, was, as suggested, always less than the ratio B\HC but for sufficiently large measuring currents not very much less, suggesting that the intermediate state realized in practice does have a predominantly laminar character.
The quantitative comparison of theory and experiment, namely the variation of p and of dljdh with the cylinder radius, and the detailed fitting of the magnetiza tion curves, has been shown in I and II to give fairly good but not perfect agreement. We should, however, be cautious in considering these models as giving more than an idealized picture. The shallowness of the free energy minima mentioned in § 2 suggests th at a considerable latitude is probable, and the experiments of Meshkovsky & Shalnikov (1947) using a sphere, indicate irregular laminar and thread formation. Since, however, the free energy does not appear to be very dependent on the actual configuration of the intermediate state, these idealized models may be expected to give a reasonable indication of its macroscopic behaviour.
A further result of the experiments of Meshkovsky & Shalnikov, was th a t although an essentially laminar system was under suitable conditions set up in the inter mediate state, the critical width of separation of the two halves of the sphere pre dicted by Landau (1943), was not found. For quite wide separations the flux left the plane surfaces of the hemispheres with periodicity of the unbranched main laminae. This naturally suggests th at the laminae may not branch a t all, but come out to all surfaces with the same macroscopic divisions. The results of the experi ments proposed by Meshkovsky & Shalnikov to determine whether this is so or not will be of great interest. Examination of the more regular patterns in their paper (figures 11 and 14) , shows th at the periodicity of the laminae a1 + b1 = 0T 3 ± 0*02 cm. Landau (1943) has shown th at for a branching laminar system, the periodicity of the principal laminae is given by ax + sphere (3-9 cm.), this relation gives the value A' = 1*8 x 10~5 cm. a t 3° K. The values of A' obtained from the magnetization measurements in I and the resistance measure ments in I I are 1*5 x 10~5 and 1-8 x 10~5 cm. respectively a t this temperature (see I, table 2). The agreement may be accidental, but it is possible th at even without branching the periodicity of the laminae may be given by a relation of the form just quoted. The effect th at lack of branching would have on the present theory would be to remove the last term in the brackets of equation (6). The free energy/w ould then have no minimum, very thick laminae being favoured. In practice the periodicity of the laminae would probably then be determined by conditions a t the outside surface of the metal, and by the mechanism and rate of formation. I I gladly record the benefits I have received from discussions with Dr D. Shoenberg and Mr A. B. Pippard. Most of the work was carried out during the tenure of an award from the Department of Scientific and Industrial Research.
B.
The point of entry into the intermediate state This value of B is substituted in d(j>/dB, and both are then pu h(as a power series in /?, and substituting for B from (A3) to whatever degree of approximation is required, the ratio pT = hJHc is found as a power series in ()*, of which (14) shows the important terms. A similar procedure for the laminar model gives the corresponding ratio pL as a power series in (A'/£)* the initial terms being given in (15). Numerical solution of (13) for particular values of shows th at (14) and (15) are accurate to about 0*1 % for A '/L = 10~3, and within 1 % for A '/L = 10-2.
